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This paper has two Sections and you should attempt both Sections. Please read carefully
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Calculators may be used in this ezamination but any programming, graph plotting or al-
gebraic facility may not be used. Please state on your answer book the name and type of
machine used.

You are reminded of the following, which you may use without proof.

In orthogonal curvilinear coordinates (uj, us, d3 , with corresponding unit vectors
e1, e, ez and arc-length parameters hy, hsy, h3, the divergence of a vector field
F = Fie; + Fhey + Fzez is given by
1 e 0 0
—(hohsF; —(hgh F: —(h1hoF:
Fihahs _aul( 2hsF1) + aug( shiF) + 6u3( 1h2 3)] ;

and the curl of the same vector field is given by

V-F =

1 h1e1 hzeg h3€3 .
VxF = T 0/0u; 08/Ous 0O/0us]| ;
176273 thl thz h3F3

also in such a coordinate system, for scalar field f,

- r a /1 1 Aar N\ o) /1 1 A\ [a) /1 7 Ar N\
1 o nRong O o nghi O o nihe O
vzf _ 2n3 Of + 31 O + 12 OF J )
hlhzhs Bul hl aul 6u2 h2 a’u,z 8u3 h3 a’M3
In spherical polar coordinates (ui,us,us) = (r,0, ¢), the arc-length parameters are
h1_ = ].7 hg =7r, h3 = rsiné.

In cylindrical polar coordinates (ui,u2,us) = (7,6, z), the arc-length parameters are
hi=1, hy=r, hg=1.
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SECTION A Each question carries 8 marks. You should attempt ALL ques-
tions.

Al.

A3.

A4

A5.

AB.

AT.

NS

Evaluate
(a) V§, (b) V-F, (c) VxF, (d) V2f,
where f = 2% 4+ y% + 2* and F = 24?251 + 23y%zk.

C: r = (sint)i + (cost)j + (¢/6)k, 0<t<2r.

Using the index notation or otherwise, prove the identities (a) V(a-r) = a and (b)
V - (axr) = 0, where r is the position vector and a is a constant vector.

State the Divergence Theorem. Using the Divergence Theorem or otherwise, evaluate
/s F -ndS where F = zy®ze, and S is the surface of the unit cube, n being the
outward normal.

[The unit cube is the cube whose vertices are at (0,0,0), (1,0,0), (1,1,0), (0,1,0),
(0,0,1), (1,0,1), (1,1,1), (0,1,1).]

Write down Laplace’s equation in cylindrical polar coordinates (r,6,z). Show that
the following are both solutions of Laplace’s equation:

(a) f =r%cos26, (b) f =7r?2zsin26 .

Sketch a few representative streamlines for the following fluid velocity fields:
(a)u = zi + yj, (b)u = zi — yj.

Starting from Maxwell’s equations,

V-E = p/€07 V-B - 0
VxE = -2, VxB = pj+ 5%

(where ¢ = 1/(€opo), €0 and uo are constants, and ¢ is time), derive the equation
Op/0t+V-j=0.

[Although you do not need to use the fact, the symbols have their usual physical
interpretation: E and B are the electric and magnetic fields, j is the current density
and p is the charge density.]
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SECTION B Each question carries 25 marks. You may attempt all questions
but only marks for the best 2 questions will be counted.

B1l. Volume V is closed and singly-connected, with surface S. Prove that w = 0 is the

(wo]
X

only solution of
{Vzw =0 mV

w=0 onlS.

[Hint: first show that [;wVw-ndS = [, wVw + (Vw)?dV ]
Hence or otherwise, show that there is at most one function u that satisfies

[Viu=f(r) inV
u=g(r) onS

for given functions f and g.
Let S be the sphere r = a, where r is the usual spherical polar coordinate and a is a
positive constant, and let V' be the volume enclosed by S. Find all solutions of the
problem

Viu=r inV

u=a®> onS.

Using the method of Frobenius, find two inde

the nmus, find two independen u ! 2

order differential equation

d2 ( ! )
24y 3 —

You should exhibit the first few terms of each solution, and consider the convergence
of the solutions.
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B3.

B4.

Vector fields A, B satisfy
B=VxA.

Prove that V- B = 0. Now suppose that a new vector field A’ is defined by A’ =
A + V¢, where ¢ 1s a given (but arbitrary) scalar field. Prove that VxA’ = B.
Vector field B satisfies V - B = 0 everywhere. B also satisfies

VxB = fB

where f(r) is some function of position. Prove that (VxB)xB = 0 and prove also
that B and f must satisfy B- Vf =0.
Show that the field

r 1

B = By [(sinkz)i + (COSkZ)jJ .

where By and k are constants, satisfies V-B = 0 and (VxB)xB = 0. Find an
example of a vector field A such that VxA = B for this particular B.

Let v and v be curvilinear coordinates (not necessarily orthogonal) in the (z,y) plane.

If
dx = hje;du + hoeadv,

e; and e, being unit vectors in the directions of u and v increasing respectively, if ¢
is a scalar function of v and v, and if

V¢ = f(u,v)er + g(u,v)es,

find expressions for f(u,v) and g(u,v).
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